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Cosmological arrow of time in f(R) gravity
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The cosmological arrow of time may be linked to the thermodynamic arrow by second law of
thermodynamics. The time asymmetry is also associated with dissipative fluid as Tolman introduced
a viscous fluid to generate an arrow of time in cyclic cosmology. An arrow of time in cyclic cosmology
has been shown using scalar field.In this work we find out the cosmological arrow of time in f(R)
gravity. Here we use the relation between a new scalar field and f(R). The dynamics of this new
scalar field may emerge the arrow of time.
PACS numbers: 98.80.-k, 95.36.+x, 04.50.-h
I. INTRODUCTION
An ‘arrow’ of time is a physical process or phenomenon
that has a definite direction in time. The time reverse
of such a process does not occur. Eddington thought he
had found such an arrow in the increase of entropy in iso-
lated systems. He wrote: The law that entropy always
increases - the second law of thermodynamics - holds, I
think, the supreme position among the laws of Nature.
Since he held the universe to be an isolated system, he
thought that its entropy, which he called its ‘random el-
ement’, must increase until it reached thermodynamic
equilibrium, by which point all life, and even time’s ar-
row itself, must have disappeared. He called this process
‘the running-down of the universe’. It may be associ-
ated with some form of dissipation. Tolman found suc-
cessive irreversible expansions and contractions in closed
universe [1]. He relates it to the continued increase in
the entropy of any selected element of fluid in the model.
The cosmological arrow of time has been explained in
cyclic Universe without any dissipation in the presence
of scalar field[2]. In this work we find out the arrow of
time in f(R) gravity.
II. CONFORMAL TRANSFORMATION
The action in f(R) corresponds to a nonlinear function
of Ricci scalar R. In the Jordan frame it is given by:
A = 1
2κ2
∫ √−gf(R)d4x+Am (1)
We can rewrite the action (1)
A =
∫ √−g
(
1
2κ2
FR− U
)
d4x+Am, (2)
where
U =
FR− f
2κ2
. (3)
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and Am is the action for relativistic and non-relativistic
matter, κ2 = 8piG and g is the determinant of metric
tensor gµν .
We consider the field equations in the background
of spatially flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) spacetime with a metric
ds2 = −dt2 + a2(t)[dr2 + r2(dθ2 + sin2 θdφ2)] (4)
where a(t) is time dependent scale factor.
It is possible to derive an action in the Einstein frame
under the conformal transformation
g˜µν = Ω
2gµν , (5)
where Ω2 is the conformal factor and a tilde represents
quantities in the Einstein frame. Relation between Ricci
scalars in two frames is
R = Ω2(R˜+ 6✷˜ω − 6g˜µν∂µω∂νω), (6)
where
ω ≡ lnΩ, ∂µω ≡ ∂ω
∂x˜µ
, ✷˜ω ≡ 1√−g˜ ∂µ(
√
−g˜g˜µν∂νω).(7)
Now the action (2) is transformed as
A =
∫
d4x
√
−g˜
[
1
2κ2
FΩ−2(R˜+ 6✷˜ω − 6g˜µν∂µω∂νω)− Ω−4U
]
+Am.(8)
It is possible to write the linear action in R˜ for the choice
Ω2 = F. (9)
Let us consider a new scalar field φ defined by
κφ ≡
√
3
2
lnF. (10)
Now using these relations we get the action in Einstein
frame is
A =
∫
d4x
√
−g˜
[
1
2κ2
R˜− 1
2
g˜µν∂µφ∂νφ− V (φ)
]
+Am.(11)
where
V (φ) =
U
F 2
=
FR− f
2κ2F 2
. (12)
2III. ARROW OF TIME
Let us consider the dynamics in the Einstein frame in
the absence of matter fluids. We have the field equation-
d2φ
dt˜2
+ 3H˜
dφ
dt˜
+ V,φ = 0. (13)
The energy density and pressure of a homogeneous scalar
field are, respectively,
ρ =
1
2
φ˙2 + V (φ), p =
1
2
φ˙2 − V (φ), (14)
and the scalar field equation of motion is given by (13).
Tolman described a cyclic universe with progressively
larger cycles, assuming the presence of a viscous fluid
with pressure
p = p0 − 3ζH, (15)
where p0 is the equilibrium pressure and ζ is the coef-
ficient of bulk viscosity. It is clear from equation (15)
that p < p0 during expansion (H > 0) whereas p > p0
during contraction. This asymmetry during the expand-
ing and contracting phases results in the growth of both
energy and entropy. This increase in entropy makes the
amplitude of successive expansion cycles larger leading
to a arrow of time.
The term 3H˜ dφ
dt
in (13)behaves like friction and damps
the motion of the scalar field when the universe expands
(H > 0). In a contracting universe 3H˜ dφ
dt
behaves like
anti-friction and accelerates the motion of the scalar field.
A scalar field with the potential V = m2φ2 gives p ≃ −ρ
when (H > 0) and p ≃ ρ when (H < 0).
In the Friedmann universe with a scalar field the evolu-
tion of the model universe is expressed by the trajectories
in the three dimensional phase space whose variables are
φ, φ˙ and H [3]. These trajectories can help give some
intuition for the cosmology of a particular model defined
by the potential V . To get more information is to deter-
mine all of the critical points. There are finite or infinite
critical points. Every trajectory must begin and end at
these critical points. In the spatially flat case, the trajec-
tories in three dimensional phase space are confined on a
cone. These results are similar to that of the Tolman.
IV. CONCLUSION
Here, we get an arrow of time in the absence of matter
(relativistic +non-relativistic) in the flat universe in f(R)
gravity. This system may be dissipative and this dissi-
pation of scalar field leading irreversibilty of time. Using
this we can explain inflation as well as irreversibility of
time in universe. For suitable models present cosmic ac-
celerated expansion can also be explained.
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